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1 .  Introduction 

With the advent  of large spacecraft, f lex ib i l i ty  has become an i n -  

creasingly important f a c t o r  in the system at t i tude s tab i l i ty .  

signs of spacecraft were based on rigid body analysis, according t o  which 

rotational motion i s  stable i f  i t  takes place abou t  the axis of maximum o r  

minimum moment o f  iner t ia  and unstable if the body rotates about the axis 

of intermediate moment of iner t ia  (see, for  example, Ref. 1 ,  Sec. 6.7) .  

The e r r a t i c  behavior of the Explorer I ,  a s a t e l l i t e  stabil ized about  the 

axis of minimum moment of iner t ia ,  prompted a re-examination of the rigid 

body assumption. 

behavior of  the Explorer I s a t e l l i t e  t o  energy dissipation resulting from 

the vibration of f lexible antennas. 

M e i r ~ v i t c h . ~  References 2 and 3 used the so-called "energy sink" approach. 

Their main conclusion was that a flexible s a t e l l i t e  cannot be stabilized 
about  the axis o f  minimum moment of iner t ia ,  leaving as s t ab i l i t y  cri terion 

w h a t  has come t o  be known as the "greatest moment of iner t ia"  requirement. 

Early de- 

Indeed, Thomson and Reiter2 were able t o  a t t r ibu te  the 

This conclusion was corroborated by 

For a number o f  years, no significant additional work on the 

s t ab i l i t y  of f lexible spacecraft was performed. 

space stations cannot be really considered pertinent. 

t h a t  can be regarded as being related t o  f lexible spacecraft i s  t h a t  by  

Hooker and MarguliesY4 who model a s a t e l l i t e  as ''a se t  o f  n rigid bodies 

interconnected by dissipative e l a s t i c  joints ," and forming so-called 
"topological trees.  I' 

Some work on cable-connected 

Some investigation 

The f i r s t  serious attempt t o  treat  rigorously the f lex ib i l i ty  ef-  

fects on the a t t i  tude stabi 1 i t y  of flexible sate1 1 i t e s  can be attributed 

t o  Meirovitch and N e l ~ o n . ~  Reference 5 investigated a s a t e l l i t e  w i t h  
e l a s t i c  appendages by means of an infinitesimal analysis. 

Ref. 5 uses modal analysis for the f i r s t  time in conjunction with the 
I t  appears tha t  
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6 s t a b i l i t y  of f l e x i b l e  spacecraf t .  

used the  Liapunov d i r e c t  method t o  i nves t i ga te  t h e  s t a b i l i t y  of a r i g i d  

s a t e l l i t e  w i t h  e l a s t i c a l l y  connected moving par ts .  

l i t e  cons is t ing  o f  two r i g i d  bodies connected by an e l a s t i c  s t r u c t u r e  was 

inves t iga ted  by Robe and Kane by means o f  an i n f i n i t e s i m a l  analysis.  

l a t i n g  a spacecraf t  by a se t  o f  r i g i d  masses interconnected by massless 

e l a s t i c  members, L i k i n s  der ived the  corresponding equations o f  motion, and 

ind ica ted  t h a t  a s o l u t i o n  can be obtained by modal analys is .  

however, does n o t  produce an a lgor i thm f o r  the  s o l u t i o n  o f  the  equations. 

Thermal e f f e c t s  and s o l a r  r a d i a t i o n  pressure were found by E t k i n  and Hughes 

t o  cause the anomalous behavior o f  sp inn ing s a t e l l i t e s  w i t h  lona f l e x i b l e  

antennas. The f l e x i b i l i t y  e f f e c t s  on the  a t t i t u d e  motion o f  spacecraft 

were a l so  i nves t i ga ted  by Modi and Berentonlo b u t  t he  v a l i d i t y  of t h e i r  

ana lys is  i s  i n  doubt, as they r e s t r i c t  t he  s a t e l l i t e  v i b r a t i o n  t o  planar.  

A t  t he  same time, Nelson and Mei rov i tch  

The motion o f  a s a t e l -  

7 Simu- 

8 

Reference 8, 

9 

An i n t e r e s t i n g  paper by Newton and F a r r e l l "  presents a method f o r  

eva lua t ing  t h e  na tu ra l  frequencies o f  a f l e x i b l e  g rav i  t y -g rad ien t  s t a b i -  

l i z e d  s a t e l l i t e .  

motion about the  deformed equ i l ib r ium.  

i nves t i ga to rs  consider complete deformat ion pa t te rns  o f  the sate1 1 i te .  

This procedure i s  n o t  on l y  unorthodox b u t  a l so  tends t o  l i m i t  t he  number of 

degrees of freedom o f  the  s imu la t ion ,  n o t  t o  mention the  f a c t  t h a t  one must 

guess i n  advance con f igu ra t i on  pat terns.  

as t o  t h e  evaluat ion o f  t he  e q u i l i b r i u m  con f igu ra t i on .  

paper contains some i n t e r e s t i n g  ideas. 

proposes t o  in t roduce the  concept o f  " s y n t h e t i c  modes" i n  conjunct ion w i t h  

a "hybr id "  coordinate system, where the  l a t t e r  i s  def ined as a s e t  o f  co- 

ord inates cons is t ing  o f  r o t a t i o n a l  coord inates of  the  spacecraf t  as a whole 

I n  the  process, Reference 11 l i n e a r i z e s  the  equations of 

As genera l ized coordinates, t he  . 

Moreover, there  i s  some quest ion 

Nevertheless, t h e  
12 A paper by L i k i n s  and Wirsching 
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and modal coordinates for the flexible appendages. This idea, however, 

was introduced ear l ie r  i n  Reference 5. 

All preceding investigations have one thina i n  c o m n ,  namely, 

they are a1 discretization schemes. Some use l u m p i n g  of the distributed 

mass of  the e las t ic  members, a procedure referred to sometimes as spatial  

discret izat  on, and others use series truncation i n  conjunction w i t h  modal 

analysis. In  a f i r s t  attempt t o  apply Liapunov's direct  method to  h y b r i d  

systems from the area of s a t e l l i t e  dynamics, i . e . ,  without using any dis- 

cretization scheme, M e i r o v i t ~ h l ~ , ~ ~ ~ ~ ~  studied the- s t ab i l i t y  of  spinning 

r i g i d  bodies w i t h  e l a s t i c  appendages. I t  should be pointed o u t  t h a t  the 

term "hybrid" refers here t o  a system defined by sets  of bo th  o rd ina ry  and 

partial  differential  equations , a concept different from t h a t  used by 

Likins and Wirsching." Several new ideas were introduced i n  Ref. 13, such 

as the use o f  the bounding properties of Rayleigh's quotient to eliminate 

spatial  derivatives from the problem formulation and the use of testing 

density functions. 

The ideas o f  Refs. 13-15 have been pursued by Meirovitch and 

C a l i c 0 ~ ~ 9 ~ ~  for  the case i n  which testing density functions cannot be de- 

fined readily. References 16 and 17 develop the so-called "method of 

integral coordinates ,'I whereby certain integrals are identified and defined 

as generalized coordinat6s. 

Rayleigh's quotient as well as certain Schwarz's inequalities for  functions, 

a function K bounding the Hamiltonian H from below i s  obtained, K 

tha t  K can be used as a tes t ing function i n  conjunction w i t h  Liapunov's 
d i rec t  method. 
cret izat ion scheme. 

Then , us ing  the bounding properties of 

H, so 

The method of integral coordinates i s  basically a dis-  

One problem that  has received l i t t l e  attention i n  the technical 

l i t e r a t u r e  i s  tha t  of deformed equilibrium, which can be referred to  
mathematically as "nontrivial equilibrium." 

case of gravity-gradient or  spin-stabilized s a t e l l i t e s  w i t h  very f lexible  

Such problems ar ise  i n  the 
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appendages that are not aligned with the satellite's principal axes. 

ing the equilibrium configuration can be quite a problem in itself, 

especially if the governing equations are nonlinear. 

to this problem, Flatley 

of the Radio AstrononU, Explorer (RAE) satellite by means of an analogue 

computer. Deformed equilibrium has also been considered in Ref. 1 1 ,  but 

the details are not clear and no plot of the deformed equilibrium is shown. 

In seeking stabi 1 i ty statements for the RAE/B sate1 1 i te, Mei rovi tchl' ob- 

tained as a by-product the nonlinear deformed equi 1 ibrium, thus confirming 

the results of Ref. 18. 

Find- 

Addressing himself 
18 obtained the nonlinear equilibrium configuration 

The present study is concerned with the stability of a hybrid dy- 

namical system about nontrivial equilibrium. 

mulations and results of Ref. 19. Qualitative stability statements are ob- 

tained for the RAE/B satellite by both the Liapunov direct method and by an 

infinitesimal analysis. In connection with the infinitesimal analysis, the 

natural frequencies of oscillation about the nonlinear nontrivial equil ib- 

rium were obtained by a method developed by the first author of this re- 

port.*' The method of Ref. 20 considers a state vector consisting of 

generalized coordinates and velocities, where the coordinates include both 

rotations and elastic deformations, and develops an eigenvalue problem in 

terms of real quantities alone. 

corresponding statements obtained from the solution of the eigenvalue prob- 

lem agree completely. 

It contains many of the for- 

The stability statements of Ref. 19 and 

2. Problem Formulation 

We shall be concerned with the motion of a body consisting of n + 1 

parts, of which one part is rigid and n parts are elastic. The domain of 

4 
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extension o f  t he  r i g i d  p a r t  i s  denoted by DO and those o 6 t h e  e l a s t i c  pa r t s  

when i n  undeformed s t a t e  by D i  (i = 1 ¶2,. . . ,n) (see Fig. 1 ) .  

i n g l y ,  the  masses associated w i t h  the domains D i  a re  denoted by m i  
n 

(i = O , l ,  ..., n ) ,  so t h a t  the t o t a l  mass i s  m = c m i .  
i =O 

are r i g i d l y  at tached t o  DO and have c o m n  .boundaries o n l y  w i t h  Do. 

Correspond- 

The e l a s t i c  domains 

The body m i s  assumed t o  move i n  a cen t ra l - f o rce  g r a v i t a t i o n a l  

f i e l d ,  w i t h  i t s  mass center desc r ib ing  a g iven  o r b i t  about the  center  o f  

force C.F.., where the  l a t t e r  i s  assumed t o  be f i x e d  i n  an i n e r t i a l  space. 

I n  descr ib ing  the  motion of m i t  w i l l  prove convenient t o  i d e n t i f y  

The o r i g i n  c a system o f  axes xyz (see Fig. 1) w i t h  the undeformed s ta te .  

o f  xyz i s  taken t o  co inc ide  w i t h  the mass center  o f  m i n  the  undeformed 

s t a t e  and axes xyz themselves co inc ide  with the  p r i n c i p a l  axes o f  m i n  t h e  

same s t a t e .  Note t h a t  t he  system xyz i s  embedded i n  the  r i g i d  p a r t  Do b u t  

i s  n o t  necessa r i l y  a s e t  o f  p r i n c i p a l  axes f o r  t h a t  pa r t .  We s h a l l  assume 

here t h a t  t he  na ture  o f  the  e l a s t i c  motion i s  such t h a t  t he  mass center  o f  

the  e n t i r e  system remains a t  the  o r i g i n  o f  xyz. 

formations, we consider re ference frames xiyizi f i x e d  r e l a t i v e  t o  the  

e l a s t i c  domains Di (i = 1,2, ..., n), where the  d i r e c t i o n  o f  these axes i s  

chosen p a r a l l e l  t o  t h a t  o f  t he  e l a s t i c  deformations. The o r i g i n  of axes 

xiyizi i s  denoted by Oi and i n  general it need n o t  co inc ide  w i t h  c. 

I n  measuring e l a s t i c  de- 

Next l e t  us denote the  rad ius  vector  from the mass center  c t o  a 

p o i n t  i n  the  domain D i  (i = O, l ,  ..., n )  by hi + x i s  where the  p o i n t  co inc ides 

w i t h  the  p o s i t i o n  of an element o f  mass dmi when the  body i s  i n  undeformed 

s t a t e .  

t o  o i ;  c l e a r l y  t10 = g. 
t o  t h e  p o i n t  i n  question, and i t s  components represent the  independent 

s p a t i a l  va r iab les  associated w i t h  a po in t  i n  the  domain D i .  

j- and &i t h e  u n i t  vectors along axes x i ,  y i  and z i ,  respective1y;we can ,’ ’ 
w r i t e  hi + zi = (hxi + xi)Li + (hyi + yi)Ji + (hZi + z i ) k .  4 (i = O,l , . - .  ,n). 

The constant-magnitude vec tor  hi denotes the  rad ius  vec tor  from c 

On the  o t h e r  hand, ~i i s  the  rad ius  vec tor  from O i  

Denotinq by ii, 
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I n  descr ib ing t h e  e l a s t i c  deformations, we can use the  Lagrangian o r  t he  

E u l e r i  an approach. According t o  the  Lagrangian approach the  independent 

var iab les  are those of the  body i n  undeformed s ta te ,  whereas i n  the  

Eu ler ian  desc r ip t i on  o f  motion the  independent var iab les  are those of t he  

body i n  deformed shape. 

po in ts  o f  view coalesce, bu t  f o r  l a r g e  deformations they do no t .  

For i n f i n i t e s i m a l l y  small  deformations the  two 

When i t  

i s  necessary t o  c a l c u l a t e  the  stresses i n  a body undergoing l a r g e  deforma- 

t i ons ,  the  Eu le r ian  approach i s  more convenient. 

cerned w i t h  r e l a t i v e l y  l a r g e  deformations, we have no i n t e r e s t  i n  the  in -  

Although we s h a l l  be con- 

t e r n a l  stress d i s t r i b u t i o n  , and because o f  k inemat ica l  cons iderat ions we 

s h a l l  f i n d  it more convenient t o  use the  Lagrangian approach. Hence, de- 

n o t i n g  by .* U i  the  e l a s t i c  displacement vec tor  o f  dmi, and recogniz ing t h a t  

the vec tor  depends both on s p a t i a l  p o s i t i o n  and t ime, we can w r i t e  i t  i n  

the  f o m  ii = u i  ( X i  9 ~ 4  ,zi ,t)ii + V i  ( X i  ,Yi 321 s t ) , J i  + W i  ( X i  s Y i  s z i  s t ) k i  9 where 

U i  , v i  and w i  are displacement components measured along x i ,  y i  and z i  

respec t ive ly .  

the  mass center c, then the  p o s i t i o n  r e l a t i v e  t o  the  i n e r t i a l  space of a 

mass element dmi i n  deformed s t a t e  i s  g iven by 

It should be noted tha t ,  by the  d e f i n i t i o n  o f  t he  mass center,  

If ,Rc i s  the  rad ius vec tor  from the  center  o f  force C . F .  t o  

= Bc t hi t L\ ri t 21. 

n 
iEo /mi (34 + ci + 21 Idmi * 2' 

I n  view o f  the  above discussion, t he  k i n e t i c  energy can be w r i t t e n  as 

where the f i r s t  term on the r i g h t  s ide  of Eq. ( 1 )  i s  recognized as the  k i n e t i c  

energy o f  t r a n s l a t i o n  of t he  mass center  c and the  second one as the  k i n e t i c  

6 



energy due t o  motion r e l a t i v e  t o  c. Dots denote d e r i v a t i v e s  w i t h  respect t o  

time. Denoting 

o f  the sets xiy 

t ime d e r i v a t i v e  

obta in  

r; ." 

by w t h e  angular v e l o c i t y  o f  t h e  se t  o f  axes xyz, hence a l s o  

zi (i = 1,2,. . . ,n) , and r e c a l l i n g  the  expression f o r  t h e  

o f  a vector  expressed i n  terms o f  r o t a t i n g  coordinates, we 

+ r. + zi = 2; + E X  ( t ~ i  + r. + !J) -1 -1 

+ viai + wk. i s  the v e l o c i t y  o f  dmi r e l a t i v e  t o  c due i n  which IJ~ = u i i i  -1 

t o  e l a s t i c  e f f e c t s  alone. I n t roduc ing  Eq. (2) i n t o  ( l ) ,  we a r r i v e  a t  

where i d  i s  the i n e r t i a  dyadic o f  the body i n  deformed s t a t e  about axes 

w z  

Equation (3) i s  most convenient ly expressed i n  m a t r i x  form. 

m a t r i x  forms o f  t he  vectors llc and c w are s imply {R,) and {d, respec t i ve l y .  

The i n e r t i a  dyadic u Jd and the  term on the r i g h t  s i d e  o f  Eq. (3) r e q u i r e  

f u r t h e r  a t t e n t i o n .  

where &i (i) ( i  = 0,1,.. . ,n) i s  the i n e r t i a  dyadic associated w i t h  domain 

Di when t h e  corresponding mass i s  i n  deformed shape. The supersc r ip t  

i i n d i c a t e s  t h a t  t h e  dyadic i s  expressed i n  terms o f  t he  base X i Y i Z i .  

This would r e q u i r e  t h a t  we express @ w i n  t h e  same base. 

however, t o  express every & j  i n  the  base xyz instead. 

vec to r  r. by r!') and .LI r.  

r e s p e c t i v e l y ,  and by {do)) and {4i)) t h e  associated column matrices, 

The 

(i) The i n e r t i a  dyadic can be w r i t t e n  as i d  = iEo hi , 

It i s  s impler,  

Denoting t h e  

when expressed i n  the  base xyz and xiyizi ('i 1 
-1 -1 

7 



the  r e l a t i o n  between the  two can be w r i t t e n  as {ri (0) l = [ a i ]  T Iri (1)  1 ,  

xyz.  I n  a s i m i l a r  fashion, i f  we denote by Jdi (0) and 26;' the  i n e r t i a  

by [Jdi (0) ] and [Jdi (i 1 3 t he  associated i n e r t i a  matr ices,  then the  r e l a t i o n  

between the two can be shown t o  have the  form [Jd i  (0) ] = [ a i ]  [Jdi (')][ai]. 

where [ai] i s  t he  m a t r i x  of d i r e c t i o n  cosines between axes xiyizi and 

dyadics when expressed i n  the  base xyt and xiyizi, respec t ive ly ,  and 

With the  understanding t h a t  t he  i n e r t i a  matr ices imply  the body i n  deformed 

shape, we can drop the  subsc r ip t  d. 

s c r i p t  i when i t  agrees w i t h  the  subscr ip t .  

Moreover, we s h a l l  drop the  super- 

Hence, the  i n e r t i a  m a t r i x  fo r  

the e n t i r e  body, expressed i n  the  base xyz, takes the form [J (013 = 

n T 
1 [ a i ]  [ J i ] [a i ] *  We note t h a t  [go] = [l], where [l] i s  the  u n i t  i =O 

mat r i x .  

term on the  r i g h t  s ide  of Eq. (3). 

i n  the  ma t r i x  form 

A s i m i l a r  ana lys is  can be performed w i t h  regard t o  the  t h i r d  

I t fo l l ows  t h a t  Eq. (3)  can be w r i t t e n  

( 4 )  

(0) (0) ( O ) ]  where [hi + ri + ui i s  a skew-symmetric ma t r i x  whose elements s a t i s f y  

E i s  t h e  eps i l on  symbol (see Ref. 1 ,  p. 109). nma Clear ly ,  {u;) represents 

the m a t r i x  no ta t ion  o f  b ! .  
-1 

The po ten t i a l  energy r e s u l t s  from two sources, namely, g r a v i t y  and 

e l a s t i c  deformations, denoted by VG and V E ,  respec t i ve l y ,  so t h a t  

V = VG + VE.  

energy can be w r i t t e n  as 

From R e f .  15, we conclude t h a t  the  g r a v i t a t i o n a l  p o t e n t i a l  

8 



.where t r  denotes the trace of a matrix, and {aa) i s  the column matrix o f  

direction cosines between the direction of the vector & and axes x y z .  

The e l a s t i c  potential energy, also known as s t ra in  energy, requires 

special a t tent ion,  particularly i n  the case of large deformations. No 

general expression, such as for  T and V6, can be written for VE.  This i s  

so because an expl ic i t  form requires t h e  knowledge o f  the type of  e l a s t i c  

members involved. For the moment, we shall be content t o  write 

n 

i =1 
VE = c VEi 

where VEi ( i  = 1 , Z , . .  . , n )  i s  the e las t ic  potential energy associated w i t h  

the member occupying the domain Di when the member i s  undeformed. 

shall return t o  the e l a s t i c  potential energy shortly. 

We 

A t  t h i s  p o i n t  i t  appears desirable t o  determine the func t iona l  

dependence of the kinetic and potential energy i n  order t o  derive general 

Lagrange's equations of motion. To this end, we must specify the nature o f  

the e l a s t i c  members. We shall be concerned w i t h  one-dimensional members 

capable o f  flexure i n  two orthogonal directions. Any ax ia l  displacements 

will be assumed t o  be a result  of change of length caused by the trans- 

verse displacements and no t  because o f  a x i a l  f l ex ib i l i ty .  In essence, the I 

members are  cantilevered bars undergoing lerge transverse displacements 

(see Fig.  2 ) .  Although we shall use nonlinear theory for the e l a s t i c  

motion, t h i s  will be because geometric nonlinearities and n o t  as a resul t  

9 



o f  non l inear  s t r e s s - s t r a i n  r e l a t i o n s .  

bu t  some o f  t h e  members c a r r y  t i p  masses. 

The mass d i s t r i b u t i o n  i s  a r b i t r a r y ,  

L e t t i n g  the  rad ius vec tor  r. be a l igned w i t h  a x i s  xi when the  b a r  
.-1 

i s  undeformed, we conclude from Fig.  2 t h a t  

r. 

m 

-1 = r .  -1 = x .  1 -i i , i  = 1 , 2  ,..., n (7  1 ( i )  

and 

( 8 )  u. (i 1 = u.(xi, t)  = v . (x i , t ) j .  + wi(xi,t)Li , i = 1,2 ,..., n 
-1 -1 1 -1 

I n  view of t h i s ,  t h e  elements o f  t h e  i n e r t i a  m a t r i x  f o r  t h e  r i g i d  member 

can be w r i t t e n  as 

'011 = A. ' '022 f Bo 9 '033 = co 
( 9 )  

- 
'012 = '021 - '013 = '031 = '023 = '032 = ' 

where Ao, Bo, Co are the p r i n c i p a l  moments o f  i n e r t i a  o f  t h e  r i g i d  p a r t ,  

whereas these f o r  member i are 

10 



- 
pi(hyi + vi)(h,i + wi)dxi - mi(hyi + vi)(hZi + wi) 

i = 1 ,Z,. .. ,n (10) 

Note t h a t  pi and mi a re  mass d e n s i t i e s  and t i p  masses, r e s p e c t i v e l y ,  and 

hxi, hyi, hZi denote t h e  coordinates of the  p o i n t s  o f  attachment o f  t h e  

booms measured from t h e  mass center  along axes xiyizi ( i  = 1 ,Z,. . . ,n). 

We s h a l l  n o t  s p e c i f y  t h e  mass d e n s i t i e s  a t  t h i s  p o i n t .  

The des i red  e q u i l i b r i u m  c o n f i g u r a t i o n  i s  t h a t  o f  g r a v i t y - g r a d i e n t  

s t a b i l i z a t i o n .  That i m p l i e s  t h a t  t h e  mass center  c moves i n  a c i r c u l a r  

o r b i t  w i t h  t h e  constant  angular v e l o c i t y &  (see F ig.  3) ,  and t h e  s e t  o f  

axes xyz coinc ides w i t h  a s e t  o f  o r b i t a l  axes abc, where g coinc ides 

w i t h  t h e  d i r e c t i o n  o f  t h e  rad ius vector  I&, b i s  tangent t o  t h e  o r b i t  

and i n  t h e  d i r e c t i o n  o f  t h e  motion, and c i s  normal t o  t h e  motion. Note 

t h a t  t h e  o r b i t a l  axes abc r o t a t e  r e l a t i v e  t o  an i n e r t i a l  space w i t h  angular 

v e l o c i t y & a b o u t  a x i s  c. The o r i e n t a t i o n  o f  axes xyz w i t h  respect t o  abc 

i s  given by t h r e e  angles e j  and {wI depends on these angles and angular  

v e l o c i t i e s  e j  (j = 1,2,3).  Because the f i r s t  t e r n  i n  the  k i n e t i c  energy, 

Eq. ( 4 ) ,  i s  constant  f o r  a c i r c u l a r  o r b i t ,  i t  w i l l  be ignored i n  f u t u r e  

. 

discuss ions.  Moreover, the  l a s t  t e r m  depends on the  e l a s t i c  v e l o c i t i e s ,  

so t h a t  t h e  f u n c t i o n a l  dependence o f  T i s  

The g r a v i t a t i o n a l  p o t e n t i a l  energy VG conta ins the m a t r i x  { k a I ,  which 

i s  def ined as t h e  m a t r i x  of  d i r e c t i o n  cosines between ,Rc and x y z .  Since 

11 



xyz can be obta ined from abc by means of t he  r o t a t i o n s  e j  ( j  = 1,2,3), i t  

fo l l ows  t h a t  

I t  remains t o  e s t a b l i s h  the  func t i ona l  dependence of VE. Th is  

requ i res  some e labora t ion ,  p a r t i c u l a r l y  because of the  geometric n o n l i n e a r i -  

t i e s  invo lved.  

VEA due t o  a x i a l  motion, and the  p o t e n t i a l  energy VEB due t o  f l exu re .  

Next l e t  us cons ider  F ig .  4 and denote by si t h e  d is tance t o  any element 

o f  mass dmi when measured a long t h e  de f l ec ted  bar  and by xi when measured 

along t h e  o r i g i n a l  d i r e c t i o n  o f  the  undef lected bar. 

the bar  i s  inex tens iona l ,  so t h a t  these two d is tances remain the  same, 

F i r s t  we wish t o  d i s t i n g u i s h  between t h e  p o t e n t i a l  energy 

We s h a l l  assume t h a t  

si - - xi. An element o f  l eng th  a long t h e  de f l ec ted  ba r  can be obta ined 

from 

(1 3) 
(dsi)‘ = (dxi + dui) 2 + (dvi) 2 + (dwi) 2 

Assuming t h a t  dui i s  one order  of magnitude smal le r  than dvi and dwi, 

r e c a l l i n g  t h a t  dsi = dxiy and rear rang ing  Eq. (13), we a r r i v e  a t  

dv. 2 dw* 2 
du i  = - [(GI + (d] Jdx j  9 i = 1,2, ... ,n (1 4) 

so t h a t  the a x i a l  displacement r e s u l t i n g  from the  t ransverse displacements 

i s  negative. 

n o t  depend on the  a x i a l  displacement, and, moreover, because a t e n s i l e  

force opposes the  motion, we have 

Because f o r  inex tens iona l  mot ion t h e  a x i a l  f o r c e  Pxi does 

12 



where t o t a l  de r i va t i ves  have been replaced by p a r t i a l  de r i va t i ves  i n  

recogn i t ion  o f  the  f a c t  t h a t  the  displacements are func t ions  no t  on l y  o f  

s p a t i a l  p o s i t i o n  but  a l so  o f  t ime. 

The f l e x u r e  p o t e n t i a l  energy i s  due t o  the  bending displacements vi 

and wi. 

ment vi by M,i and the  change i n  s lope corresponding t o  an element o f  

leng th  i n  deformed s t a t e  by dezi because they both take place about the  

zi-axis. Accordingly,  t he  analogous quan t i t i es  associated w i t h  f l e x u r e  

about yi a re  denoted'by Myi and deyi , respec t ive ly .  

f l e x u r e  p o t e n t i a l  energy can be w r i t t e n  as 

We s h a l l  denote the  bending moment associated w i t h  the d isp lace-  

It fo l lows t h a t  t he  

. n r  

But t he  bending moments Myi and Mti can be w r i t t e n  i n  terms o f  the  

associated f l e x u r a l  s t i f f n e s s  and r a d i i  o f  curvature,  as fo l lows 

E1 E I z i  
M z i  = ~ , i  =yi , 

Myi R~~ 

where, f rom Fig.  5 ,  t he  r a d i i  o f  curvature have 

i n  which 

Moreover 

the  form 

+ r3)2]1'2 dxi (19) 
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I 
/ 

From Eqs. (20) ,  i t  fo l l ows  t h a t  

e 

F i n a l l y ,  in t roduc ing  Eqs. (17 )  through (21) i n t o  Eq. (16), we ob ta in  

Reca l l i ng  t h a t  t h e  f l e x u r a l  displacements depend a l so  on t ime, and w r i t i n g  

binomial expansions for t he  denominators i n  Eq. (22), we a r r i v e  a t  

- 5 2 p]2]bxi (axi 
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rec t i ons  due 

where the ' te rms i n v o l v i n g  av i /ax i  and awi/axi are recognized as the  cor-  

t o  the  geometric non l inear  e f f e c t .  

ew o f  the  above, t he  po ten t i a l  energy has the general f unc t i ona l  I n  v 

form 

VE = V~~ + V~~ 

= vE (v;, VI#, w;, w;) , i = 1,2,...,n (24 )  i 

where primes i n d i c a t e  d i f f e r e n t i a t i o n s  w i th  respect t o  xi. 

From Fig.  4 ,  we conclude t h a t  we must s t i l l  account f o r  the d i s -  

tri buted forces pyi and pZi . Regarding these forces as nonconservative, 

and assuming t h a t  they do n o t  depend on the e l a s t i c  deformations, we can 

account f o r  t h e i r  e f f e c t  i n  the  form o f  the nonconservative work 

+ pZi wi)dxi 'n c 

so t h a t  t he  t o t a l  work can be w r i t t e n  as 

w = wc + wnc = -v + wnc 

where the  conservat ive work has been recognized as being equal t o  the  

negat ive o f  the p o t e n t i a l  energy. 

The system d i f f e r e n t i a l  equations o f  motion, and the  appropr ia te 

boundary cond i t ions ,  can be obtained f r o m  the  extended Hamil ton's 

p r i n c i p l e  (see Ref. 1, Sec. 2.7)  

r2 (sT + sW)dt = 0 

15 



where a l l  the  v i r t u a l  displacements must be se t  equal t o  zero a t  

t = tl,t2. In t roduc ing  t h e  Lagrangian L = T - V ,  Eq. (27) can be Wri'tten 

as 

where the Lagrangian has the  func t i ona l  form 

It w i l l  prove convenient t o  separate t h e  Lagrangian i n t o  t h a t  

associated w i t h  t h e  r i g i d  domain DO and those associated w i t h  the  e l a s t i c  

domains Di. 

(see Ref. 19) 

Hence, l e t  t h e  Lagrangian have the  general f unc t i ona l  form 

i n  which LO i s  t he  Lagrangian corresponding t o  t h e  system i n  undeformed 

s ta te ,  

member i, and L i  t he  Lagrangian corresponding t o  t h e  t i p  mass. 

t he  Lagrangian dens i t y  assoc iated w i t h  any p o i n t  o f  t he  e l a s t i c  

Moreover, 



represents the  l eng th  o f  member i. From Eqs. (30) , (31), and (32). we 

conclude t h a t  

In add i t i on ,  

I n s e r t i n g  Eqs. (33) and (34) i n t o  (32), and i n t e g r a t i n g  by pa r t s  w i t h  

respect t o  t, we a r r i v e  a t  Lagrange's equations for the  r o t a t i o n a l  motion 

Moreover, i n t e g r a t i n g  by p a r t s  w i t h  respect t o  t and xi , we ob ta in  

Lagrange I s  equations f o r  the  t ransverse displacements, and the associated 

boundary cond i t ions ,  i n  the  fo rm 

i = 1,2, ... ,n 

and 
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i = 1,2 ,...,n (36b) 

Equations s i m i l a r  i n  s t r u c t u r e  t o  Eqs. (36) can be w r i t t e n  f o r  wi by 

s imply  rep lac ing  vi by wi. 

3 .  N o n t r i v i a l  E q u i l i b r i u m  

Let  us consider  t h e  case i n  which pyi = pzi = 0 and d e f i n e  an 

e q u i l i b r i u m  con f igu ra t i on  as a s e t  o f  dependent var iab les  Oj, vi, wi 

constant  i n  t ime and s a t i s f y i n g  Lagrange's equations. Because these 

var iab les  do n o t  depend on t ime, they must s a t i s f y  t h e  equations 

as w e l l  as a se t  of equations s i m i l a r  t o  (38) f o r  wi . 
s o l u t i o n s  o f  Eqs. (37) and (38) , together  w i t h  t h e  s e t  of equations f o r  wi , 

We s h a l l  denote t h e  
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by ejo, vio(xi), wio(xi), where the  f i r s t  are constant and the l a t t e r  

func t ions  o f  the  s p a t i a l  var iab les  xi alone. 

4.  Perturbat ions About Equi l ibr ium.  The Var ia t iona l  Equations o f  Mot ion 

The i n t e r e s t  l i e s  i n  the  s t a b i l i t y  o f  the  system i n  t h e  neighbor- 

I 

I 

hood o f  the  n o n t r i v i a l  s o l u t i o n s  O j o ,  V io(Xi ) ,  wio(xi). 

s t a b i l i t y  c r i t e r i a  by means o f  L iapunov's d i r e c t  method, and, t o  t h i s  end, 

we l e t  t h e  so lu t ions  o f  Eqs. (35) and (36) and the  companion equations t o  

We s h a l l  seek 

I 

1 
I (36) have the  form 

e j ( t )  = ejo t e j l ( t ) ,  j = 1,2,3 

where e j 1  (t) I n s e r t i n g  

Eqs. (39) i n t o  Eq. (30), and expanding a Tay lo r ' s  ser ies  about t h e  non- 

t r i v i a l  e q u i l i b r i u m ,  we o b t a i n  

vil (xi ,t) , wil(xi ,t) are small per tu rba t ions .  

+ -  c c.  [ 3'' ejlekl t 2 a2L t 
j =1  k = l  ae jOaekO a e j OaekO 

2 
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a2ii a 2 i i  
aviOawiO "ilWil aviOahiO 

+ 

a 2 *  Li a 2^  Li 
w! w!' 

t av;oav;O v;,vy1 + aw;oaw;o 11 11 

ai, + ... + 

a 2 ^  Li 
+ WilVi1 + ... 'il awiOaOiO 

2 a Li .2 
]dxi + [f$ v:l + - a t &  vi 1 

a v i O  

a2Li 2 a 2 L~ w2 a 2 L~ a2Li 

' Twil awi 0 a i i  2 il j = 1  aejOaviO e j l v i l  ae  jo  a t i  
ejlvil + ... + -  

azL a 2 Li a 2 L~ 

vilwil t abjoaGi0 B j 1 4  + 2 [ avioawio il il aviOakiO 
v w  + 

where aL/ae = aL/aej , e tc .  But t h e  term L(ejO,viO ,..., wy0)  
j 0  / e j  = ejo, ... 

i s  constant. 

equations f o r  wi , a l l  t he  l i n e a r  terms i n  the  per turbed var iab les  i n  

expansion (40) reduce t o  

Moreover, by v i r t u e  o f  Eqs. (37) and (38) and the  companion 
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a L i  
+ - Wil 

awi 0 

which are a l l  l inear  i n  the general 

o f  this ,  i f  we retain terms through 

becomes 

zed velocities B j l  , t il  ,k i l .  
second order only, the Lagrangian 

I n  view 

where 

a 2 L~ 
+ a e  a i  ij1Wil 

j 0  i o  

i s  quadratic i n  the generalized velocities, 
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i s  l i n e a r  i n  the genera l ized v e l o c i t i e s ,  and 

i s  f r e e  o f  general ized v e l o c i t i e s .  

I n  view o f  the above, the per turbed Lagrangian can be w r i t t e n  i n  

the general func t iona l  term 

L = L(ej,,ejl ,vil ,iil ,vjl ,..., w i l  ,w+ j = 1,2,3; i = 1,2,.. .,n (46 )  
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Consequently, t he  v a r i a t i o n a l  equations can be w r i t t e n  i n  the form o f  

t he  Lagrange equations, Eqs. (35) and (36), b u t  w i t h  the  subscr ip ts  j and 

i replaced by jl and il, respec t i ve l y .  

v a r i a t i o n a l  equations possess t r i v i a l  equ i l ib r ium.  

Unl ike Eqs. (35) and (36), the  

5. D i s c r e t i z a t i o n  by a Rayle igh-Ri tz  Approach 

The v a r i a t i o n a l  equations discussed i n  the  preceding sec t i on  con- 

s t i t u t e  a se t  o f  hyb r id  d i f f e r e n t i a l  equations, i n  the  sense t h a t  t he  

equations f o r  the  r o t a t i o n a l  motion are  ord inary d i f f e r e n t i a l  equations 

and those f o r  the e l a s t i c  displacements are p a r t i a l  d i f f e r e n t i a l  equations, 

where the  l a t t e r  are sub jec t  t o  given boundary condi t ions.  

convenient t o  t ransform the system i n t o  one cons is t i ng  o f  o rd inary  

d i f f e r e n t i a l  equations alone. 

procedure based on the  Rayleigh-Ri t z  approach. 

t he  n o t a t i o n  

It w i l l  prove 

This can be done by us ing a d i s c r e t i z a t i o n  

Indeed, l e t  us in t roduce 

(47 1 

where + j (x i )  and ~ ~ ( x ~ )  a r e  admiss ib le  funct ions,  taken as the  eigen- 

funct ions o f  t he  l i n e a r i z e d  system. With t h i s  no ta t ion ,  Eq. (43) can 
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be w r i t t e n  i n  the  m a t r i x  form 

where [m] i s  a constant  symmetric m a t r i x  having t h e  elements 

, j , k  = 1,2,3 
- a2L - 

m j k  a h .  a i  
30 kO 

j = 1,2,3; k = 2 ( i - l )p+4,  2 ( i - l )p+5,  ... ,(2 i - l )p+3,  

i = l,Z,...,n (49b 1 

j = 1,2,3; k = (2 i - l )p+4,  (2i-l)p+5,...,2ip+3, i = 1,2, ... ,n 

j , k  = 2 ( i - l ) p+4 ,  2(i-l)p+5,...,(2i-l)p+3, i = 1,2, ... ,n (49d) 
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j , k  = (2 i - l ) p+4 ,  ( 2 i - l ) p + 5  ,... ,2ip+3, i = 1,2 ,... ,n 

On the  o t h e r  hand, Eq. (44) leads t o  the  m a t r i x  form 

where [f] i s  a constant square m a t r i x  w i t h  t h e  elements 

j = 1,2,3; k = 2 ( i - l ) p+4 ,  2 ( i - l ) p+5  ,..., (2 i - l )p+3,  i = 1,2, ..., n 
(51 b) 

j = 1,2,3; k = (2i- l )p+4, (2 i - l )p+5,  ..., 2ip+3, i = 1,2 ,... ,n 
( 5 1 4  

j = 2(i-l)p+4, 2(i-l)p+5 ,... ,(2i-l)p+3, i = 1,2,...,n; 

k = 1,2,3 (514 
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j = (2 i - l ) p+4 ,  (2 i - l ) p+5  ,..., 2ip+3, i = 1,2, ..., n; k = 1,2,3 (51e) 

j = 2 ( i - l ) p t 4 ,  2 ( i - l ) p t 5 ,  ... ,(Z i - I ) r+3,  

i = 1,2,...,n (51 f )  

k = (2 i - l )p+4,  (2 i - l ) p+5  ,... ,2ip+3, 

f j k  0 aOiOawiO $ k ( x i  )$j ( X i  ) dx i  + [ a i -  ::iio aw 

j = (2 i - l )p+4,  (2 i - l ) p+5  ,... ,2ip+3, 

1 xi = t i  

a 2 -  L~ 
$ k ( x i  )$j ( x i  1 = ie, 

i = 1,2, ..., n (519) 

k = 2 ( i - l )p+4,  2 ( i - l ) p+5 ,  ... ,(2 i - l )p+3,  

F i n a l l y ,  f r o m  Eq. (45), we can w r i t e  

TO1 - "1 = - $ q ( t ) l T [ k ] r q ( t ) l  

where [k ]  i s  a constant symnetric m a t r i x  w i t h  the  elements 

k j k  - - - a2L , j ,k  = 1,2,3 
a e j ~ a e k ~  

R i  a 2^  Li a2Li 
k j k  = - bk ( x i  ) d x i  - [ aejOaviO bk ( x i  )] o aejOaviO x i  = R i  

j = 1,2,3; k = 2 ( i - l ) p+4 ,  2 ( i - l )p+5, .  . . , ( 2 i - l ) ~ + 3 ,  

i = 1,2, ..., n (53b) 

. ~~ 
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j = 1,2,3; k = (2 i - l )p+4,  (2 i - l )p+5,  ..., 2ip+3, i = 1,2 , . . . , n  

(53c) 

j , k  = 2 ( i - l )p+4,  2 ( i - l ) p+5  ,..., (2 i - l )p+3,  i = 1,2 ,..., n (53d) 

j = 2 ( i - l )p+4,  2 ( i - l ) p+5 ,  ... , (2 i - l )p+3,  

i = 1 ,2 , . . . ,n  (53e) 

k = (2 i - l )p+4,  (2 i - l )p+5,  ... ,2ip+3 
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j , k  = (2 i - l ) p+4 ,  ( 2 i - l ) p + 5  ,..., 2ip+3, i = 1 , ~  ,.... n ( 5 3 f )  

I n t roduc ing  Eqs. (48) , ( 5 0 ) ,  and ( 5 2 )  i n t o  Eq. ( 4 2 ) ,  we car; write 

the  Lagrangian i n  the  m a t r i x  form 

Using the  approach o f  Ref. 21 (see Sec. 3-4) , we can w r i t e  Lagranse's 

equations i n  the  m a t r i x  form 

Hence i n s e r t i n g  Eq. (54) i n t o  (55), we o b t a i n  t h e  equat ions o f  mot ion 

so t h a t ,  i n t r o d u c i n g  t h e  n o t a t i o n  

T 
where [g] i s  a skew-symmetric ma t r i x ,  [g] = -[g], we ob ta in  

where [rn] i s  i d e n t i f i e d  as the  i n e r t i a  m a t r i x ,  Cg] i s  a "gyroscopic"  

m a t r i x  and [k] i s  a s t i f f n e s s  m a t r i x  which i nc ludes  terms due t o  e l a s t i c ,  

g r a v i t a t i o n a l ,  and c e n t r i f u g a l  e f f e c t s .  
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6. Liapunov S t a b i l i t y  Analysis 

We s h a l l  seek c r i t e r i a  fo r  the s t a b i l i t y  o f  motion i n  the neighbor- 

hood o f  the n o n t r i v i a l .  e q u i l i b r i u m  by means o f  the Liapunov d i r e c t  method. 

This i s  equiva lent  t o  the  problem of  s t a b i l i t y  o f  the perturbed motion 

about the  t r i v i a l  s o l u t i o n .  I n  terms of  the d i s c r e t i z e d  system, the 

perturbed motion i s  described by the  vector ( q ( t ) ) ,  so t h a t  the i n t e r e s t  

l i e s  i n  a s t a b i l i t y  ana lys is  about the t r i v i a l  e q u i l i b r i u m  { q }  = i o ) .  

It was shown i n  Ref. 15  t h a t  t h e  Hamiltonian i s  a s u i t a b l e  

Liapunov f u n c t i o n  f o r  the  type o f  problem a t  hand. 

system possesses a c e r t a i n  amount o f  i n t e r n a l  damping, however smal l ,  the 

e q u i l i b r i u m  i s  asympto t ica l l y  s t a b l e  i f  the Hamil tonian i s  p o s i t i v e  

d e f i n i t e .  

form 

Assuming t h a t  the 

I n  terms o f  the  perturbed var iab les,  the Hamil tonian has the  

But t h e  f u n c t i o n  TZ1 i s  p o s i t i v e  d e f i n i t e  i n  the  genera l ized v e l o c i t i e s  

f t h e  func t ion  i j ( t )  by d e f i n i t i o n .  Hence, 

' K  = 

i s  p o s i t i v e  d e f i n i t e  i n  t h e  general ized coordinates q j ( t ) ,  then t h e  

Hami l ton ian i s  a p o s i t i v e  funct ion i n  the genera l ized coordinates and 

v e l o c i t i e s  and t h e  e q u i l i b r i u m  i s  asymptot ica l ly  s tab le.  

K i s  p o s i t i v e  d e f i n i t e  if t h e  m a t r i x  [k] i s  p o s i t i v e  d e f i n i t e .  

[k] i s  p o s i t i v e  d e f i n i t e  o r  not, can be ascertained by means o f  Sy lves ter ' s  

c r i t e r i o n  (Ref. 1, Sec. 6.7). 

The f u n c t i o n  

Whether 

The mat r ix  [k ]  w i l l  be r e f e r r e d  t o  as a 

Hessian m a t r i x .  
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7. Natural Fre i iencies o f  t he  Complete S t ruc tu re  

The Liapunov d i r e c t  method provides q u a l i t a t i v e  in format ion con- 

cerning t h e  s t a b i l i t y  o r  l ack  o f  s t a b i l i t y  o f  an e q u i l i b r i u m  con f igu ra t i on .  

S im i la r  in format ion can be ex t rac ted  from the  system o f  equations (58) 

v i a  the eigenvalues. I n  add i t i on ,  t h e  eigenvalue problem y i e l d s  r e s u l t s  

of a more q u a n t i t a t i v e  na ture  i n  t h e  form o f  t he  system na tu ra l  frequen- 

c ies  and t h e  normal modes fo r  the  complete s t ruc tu re ,  where t h e  l a t t e r  are 

de f ined l a t e r .  

of a special nature. 

ven ien t ly  discussed by conver t ing  t h e  s e t  o f  equations from second o rde r  

t o  f i r s t  order .  

dimension N, then we can in t roduce t h e  2N-dimensional s t a t e  vec to r  

{ x ( t ) >  i n  the  form 

It tu rns  o u t  t h a t  Eqs. (58) l ead  t o  an eigenvalue problem 

The na ture  o f  t he  eigenvalue problem can be con- 

Indeed, i f  the  c o n f i g u r a t i o n  vec to r  I q ( t ) )  i s  of 

No confusion should a r i s e  from denot ing the  s t a t e  vec tor  by I x ( t ) > ,  because 

the  symbol xi used t o  denote the  p o s i t i o n  o f  a p o i n t  i n  t h e  e l a s t i c  

members represents a s p a t i a l  coord inate independent o f  t ime and n o t  a 

time-dependent genera l ized coord inate.  Accord ing ly ,  i f  we in t roduce t h e  

2N x 2N matrices 

then t h e  s e t  o f  N equations (58) can be transformed i n t o  a s e t  o f  2N 

f i r s t - o r d e r  equations having the  m a t r i x  form 
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I where [ M I  i s  symmetric and [ G I  i s  skew-symmetric, 

[ M I  = [ M I T  , [ G I  = - [ G I T  

I 
because [m] and [k]  a re  symmetric and [g] i s  skew-symnetric. 

The m a t r i x  equat ion (63) i s  o f  the specia l  form t r e a t e d  i n  Ref. 20, 

so t h a t  t h e  eigenvalue problem can be solved by the  method developed 

there.  Hence, l e t t i n g  

(65) A t  ( x ( t ) >  = e {XI 

where x and (x)  a re  constant, we ob ta in  t h e  eigenvalue problem 

I t  i s  shown i n  Ref. 20 t h a t  the s o l u t i o n  o f  the  eigenvalue problem (66) 

cons is ts  o f  2N eigenvalues A, and eigenvectors (XI, ( r  = 1 , 2 , . . .  ,2N),  

where t h e  eigenvalues cons is t  of p a i r s  o f  pure imaginary complex conjugates , 

A r  = f i w r ,  and the  eigenvectors a l s o  cons is t  o f  p a i r s  o f  associated com- 

p lex  conjugates {XI,  and ( X * ) r  ( r  = 1 ,2,. . . ,N) .  

are orthogonal  i n  a c e r t a i n  sense. 

by the  eigenvalue problem can be solved i n  terms o f  r e a l  q u a n t i t i e s .  

method w i l l  be used l a t e r  i n  t h i s  work t o  solve the eigenvalue problem f o r  

a s p e c i f i c  spacecraf t .  

Moreover, the  eigenvectors 

Reference 20 provides an a lgor i thm where- 

The 

8. Lagrange's Equations i n  E x p l i c i t  Form 

Lagrange's equations, Eqs. (35)  and (36), are w r i t t e n  i n  a 

general form. Before ob ta in ing  the  n o n t r i v i a l  e q u i l i b r i u m  and the 
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corresponding v a r i a t i o n a l  equations, we must express them i n  a form i n  

which the var ious coordinates appear e x p l i c i t l y .  

t i o n  that  the  s a t e l l i t e  mass center  moves i n  a c i r c u l a r  o r b i t  w i t h  

o r b i t a l  v e l o c i t y  R ,  we can rep lace K/Rc by R Moreover, the  

f i r s t  terms i n  Eqs. ( 4 )  and ( 5 )  can be ignored because they are constant.  

I n  view of t h i s ,  if we r e c a l l  t h a t  the  Lagrangian can be w r i t t e n  as 

L = T - VG - VEA - VEB, then we can s u b s t i t u t e  Eqs. ( 4 ) ,  ( 5 ) ,  ( 1 5 ) ,  and 

(23) i n t o  L ,  and ob ta in  

By v i r t u e  o f  the assum- 

3 2 i n  Eq. ( 5 ) .  

2 5 2  2 5 + EI,ivY (1 - - v !  ) + E 1  .w'! (1 - - w!*)]dxi 
2 1  Y1 -I 2 1  

where PXi i s  the  a x i a l  f o r c e  a t  any p o i n t  o f  t h e  s lender  rod, and 

n n 

i =O i =O 
[J(O)] = c [Jro)] = c [aiIT[Ji][ki] 

(0) (0) (0) (0)  {K) = ! [Iai pi[hi + ri + + mi[hi + ri 
i = l  0 

b 
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i n  which [J(O) ]  i s  t he  i n e r t i a  m a t r i x  o f  the body i n  deformed s t a t e  i n  

t e r m s  o f  the reference sys tem xyz, F K I  i s  an angular momentum m a t r i x  due 

t o  the e l a s t i c  v e l o c i t i e s ,  and TE i s  t he  k i n e t i c  energy due t o  the  e l a s t i c  

v e l o c i t i e s .  

ducing the n o t a t i o n  

The elements of  [Ji] a re  given by Eqs. ( 9 )  and (10).  I n t r o -  

Xj 'R j 
Jill = o j [ ( h  * + v * )  2 + (hz i+wj )  2 3, J i l l ( R i )  = mj[(h * + v i )  2 +(hz j+wj)  

Y l  1 Y1 

we can w r i t e  



I n  a s i m i l a r  way, f rom the  second o f  Eqs. (68), we have 

I n  view o f  the  above, t h e  Lagrangian d e n s i t i e s  can be w r i t t e n  as f o l l o w s  

(72) 1 2 5 2  
2 y i  i - - E 1  w t t  (1 - w; ), i = 1,2 ,..., n 

whereas the p a r t s  o f  the  Lagrangian associated w i t h  the  d i s c r e t e  masses 

a r e  

From the  context i t  should be obvious when brackets and braces denote 

matr ices i n  Eqs. (67) through (73) and when they do not .  

S u b s t i t u t i n g  Eq. (67) i n t o  Lagrange's equations f o r  the r o t a -  

t i o n a l  motion, Eqs. ( 5 5 ) ,  we o b t a i n  
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Moreover, Lagrange's equations f o r  the  transverse displacements v i  a re  
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[ -EIy i  wi  (1 - - ( - P x i  W; t - EIyi W i W i  )+  - 2 a 5 I "2 a2 

axi 2 axi 

5 
2 i  

- - w  ) ]  + pZi = 0 O < xi i = l , Z ,  ... ¶ n  

which are subject t o  the boundary conditions 

5 - ( P x i  - - EI,i 
2 w; + -2- [EIyi wy(l - - 5 w l ' ) ]  

wi axi  2 i  

w i = 0 , w i = O a t x i = 0 , i = 1 , 2  ,..., n ( 7 6 4  

9. Equilibrium Equations i n  Explicit Form . 

For a gravity-gradient stabil ized s a t e l l i t e ,  the angles o j ( j  = 

The orb i t  1,2,3) are measured relat ive t o  an o r b i t i n g  system o f  axes. 

being circular, w d t h  the orbital  angular velocity being equal t o  n, the 

o r b i t a l  axes rotate re la t ive to  an inertial space w i t h  angular velocity R 

about an axis normal t o  the orbital  plane. This axis is denoted by c (see 

complete definition l a t e r ) .  Hence, the angular  velocity matrix (01 can 

I be written as 
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C W ?  = nCec? + CUI, (77) 

where ! P , ~ >  = IRC(Qj)) i s  the m a t r i x  of d i r e c t i o n  cosines between a x i s  c 

and the reference system XYZ,  and Cu?r = I w ( Q j 3 b j ) l r  i s  a m a t r i x  whose 

elements a re  the  angular v e l o c i t y  components o f  system xyz r e l a t i v e  t o  

the o r b i t a l  axes. 

( j  = 1,2,3). 

They a r e  l i n e a r  combinations o f  the  v e l o c i t i e s  6 j  

The e q u i l i b r i u m  equations can be obtained by d e l e t i n g  from Eqs. 

(74)  - (76) a l l  t h e  terms i n v o l v i n g  d e r i v a t i v e s  w i t h  respect t o  t i m e .  

T h i s  i m p l i e s  t h a t  we can rep lace Ew? by QCL,) i n  these equations. 

the n o n t r i v i a l  e q u i l i b r i u m  must s a t i s f y  the general equations f o r  the 

r o t a t i o n a l  mot ion 

Hence, 

as w e l l  as t h e  boundary-value problems def ined by t h e  d i f f e r e n t i a l  equa- 

t i o n s  

+ -  a [ ( P x i  - - 5 EIZi v i  2 ) v i ]  - -$ 2 [EI , iV{(1 - - 5 2  v i  ) ]  = 0, 
ax i  2 axi 2 

0 < xi < ti, i = 1,2, ..., n 

and t h e  boundary cond i t ions  
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J 
vi = 0 ,  v i  = 0 a t  xi = 0, i = 1 , 2  ,..., n ( 7 9 4  

Moreover, i t  must sa t i s fy  a se t  of equations similar in structure t o  Eqs. 

(79) ,  b u t  with vi replaced by wi . 

10. The Variational Equations for the Discretized System 

The variational equations for  the discretized system were obtained 

ear l ie r  i n  the form ( 5 8 ) ,  where the matrices [m], [g], and [k] are defined 

by Eqs. (49) ,  (51) ,  (53), and (57) .  Although the equations just  mentioned 

have the advantage of revealing the symmetry of  [m] and [k] and the skew- 

symmetry of [g], the formulas for deriving the elements of the matrices 

are not  the most suitable from a computational point of view. 

wish t o  present a procedure whereby the actual derivation of the variational 

equations i s  performed by a digital  computer. 

Indeed, we 

Consistent with ea r l i e r  notation, we shall denote quantities 

associated with equi 1 i brium by the subscript 0 and perturbed quanti t i e s  

by the subscript 1 .  

the form 

With th i s  in mind, we can write the Lagrangian i n  

L = L o  + L1 
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+ 

r 7 

r 1 
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Note t h a t  Eqs. (83) - (86) represent Taylor's series expansions o f  T U ) ,  

[J(O)], and ( K I  a b o u t  equilibrium. Moreover, we have 

TEO = 0 

as well as 

r 2 
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+ 2 E I y i  

To ob ta in  the  v a r i a t i o n a l  equations i n  terms o f  t he  d i s c r e t e  co- 

ord inates q j ( t )  ( j  = 1,2, ..., 2np+3), we must i n s e r t  t he  modal expansions 

(47) into L1 and perform the  i n d i c a t e d  i n t e g r a t i o n s  over  t h e  s p a t i a l  

var iab les  xi ( i  = 1,2,. . . ,n). 

lengthy,  we s h a l l  no t  w r i t e  them e x p l i c i t y ,  bu t  proceed w i t h  t h e  d e r i v a t i o n  

o f  Lagrange's equations instead.  

denote constant terms by the  subsc r ip t  

general ized coordinates q j ( t )  and genera l ized v e l o c i t i e s  i . ( t )  by t h e  sub- 

s c r i p t  a .  This enables us t o  w r i t e  

Because the  r e s u l t i n g  expressions are  very 

To t h i s  end, i t  w i l l  prove convenient t o  

and terms t h a t  a re  l i n e a r  i n  t h e  

J 
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( 9 W  j = 4,5, .  .. ,2np+3 I 
1 

j = 1,2,3 

j 4,5,.,.2np+3 ( 9 1 4  

which enables us t o  w r i t e  Lagrange's equations f o r  the perturbed motion 

i n  t h e  compact form 
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c 

i C J ( O )  3, 
1 

I 
01 

I 1 
II - 

, j = 1 ,2 ,3  

2 - 3 n  
7 
1 

{"a) 

is- O a 
TE1 

j = 4 ,5 , . .  . ,2np+3 
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4s mentioned a l ready,  the  advantage of  Lagrange's equat ions (92) over  

those der ived  i n  Sec. 4 i s  t h a t  Eqs. (92) permi t  automat ic d e r i v a t i o n  by 

means o f  a d i g i t a l  computer. 

Before s p e c i a l i z i n g  the equat ions t o  a p a r t i c u l a r  s a t e l l i t e ,  l e t  

us d e r i v e  an expression f o r  the  a x i a l  fo rce  Pxi i n  terms o f  m a t r i x  nota- 

t i o n .  

e f f e c t s .  I n t roduc ing  t h e  mod i f ied  p o t e n t i a l  energy dens i t y  assoc iated 

w i t h  member i 

The a x i a l  f o r c e  P x i  i s  due t o  c e n t r i f u g a l  and d i f f e r e n t i a l  g r a v i t y  

- 1 2 r 2 ( { ~ c } T [ J / o ) ( x i ) ] ~ ~ c l  + t r [ J io ) ( x i ) ]  

where t h e  terms i n s i d e  parentheses and m u l t i p l y i n g  &(xi-") a re  due t o  t h e  

t i p  masses, t h e  a x i a l  f o r c e  dens i t y  can be w r i t t e n  i n  t h e  form 

,. 
Pxi(Xi) = - aVi mod 

axi . 

i n  which we in t roduced t h e  n o t a t i o n  

Observing from Eq. (67) t h a t  PXi i s  m u l t i p l i e d  by ( v i 2  + w;'), we ignore  

any t ransve rse  terms i n  [Ji A ( 0 ) ] ' ,  so t h a t  us ing  the  f i r s t  o f  Eqs. (68) and 

Eqs. ( 6 9 )  we o b t a i n  t h e  approximat ion 
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I n s e r t i n g  Eqs. (95)  and (96) i n t o  Eq. (94), we can w r i t e  the a x i a l  f o r c e  

Pxi a t  any p o i n t  xi i n  the form o f  t h e  i n t e g r a l  

where, assuming t h a t  p i  = const, we have 

+x )23 [Igi j i O ) ' ( C i ) d C i I  = (P i [ (hx i+e i )  2 - ( h x i  , 
xi 

+ 

b 10 0 1: 

I t  follows t h a t  the  des i red expression has the form 

1 
1 



11. The RAE/B S a t e l l i t e .  General Formulation. 

a. Equations o f  mot ion 

Next l e t  us s p e c i a l i z e  the  equations t o  the  case o f  a s a t e l l i t e  

c o n s i s t i n g  o f  a r i g i d  core w i t h  s i x  f l e x i b l e  booms, as shown i n  F ig .  6. 

F i r s t ,  we wish t o  determine t h e  matr ices [ a i ]  o f  the d i r e c t i o n  cosines 

between axes X.Y.Z. and xyz. From Fig. 6, i t  i s  easy t o  v e r i f y  t h a t  
1 1 1  

C a  

[9.1] = [-Sa 

0 - 

C a  

0 1  

-Sa 

-ca ;1 
0 1  

S B  cB 

0 

C B  - S B  

-Sa 01 r ca 

r o - S 6  -C67  

where sa = s i n  a, Ca = cos a, s6  = s i n  6 ,  and c6 = cos 3 .  Moreover, t o  

w r i t e  the  angular v e l o c i t y  m a t r i x  {u] i n  e x p l i c i t  form, we must speci fy 

the r o t a t i o n s  e j  ( j  = 1,2,3). 

system abc by means o f  t h e  r o t a t i o n s  e2 about y, -el about x, and e3 

about z ,  and r e c a l l i n g  t h a t  axes abc r o t a t e  about c w i t h  the  constant 

Assuming t h a t  system xyz i s  obtained from 

angular v e l o c i t y  c ,  m a t r i x  { u I  can be shown t o  have the expression 
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where s t l  = s i n  Ql, cel = cos ? I ,  e t c .  

rad ius  vector  Rc co inc ides w i t h  t h a t  o f  a x i s  a a t  a l l  t imes, the d i r e c t i o n  

m a t r i x  { e a )  can be w r i t t e n  as 

Because the d i r e c t i o n  o f  the 

I 
i cel se2 J 

It w i l l  prove convenient t o  r e w r i t e  mat r ices  iw) and ( e a )  as fo l lows 

where 

l o  o l J  

[ -se2  

I n t m d u c i n g  Eq. (103) i n t o . ( 4 ) ,  and r e c a l l i n g  Eq. (68), t h e  k i n e t i c  energy 

becomes 
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where [J*] = [e]: [J(O)] [ e31  and { K * I  = [e]; EKI. Moreover, i n s e r t i n g  

Eq. (103) i n t o  (5), and recogn iz ing  t h a t  {&,IT = - (Eel;)' [e]: Eel;, 

we o b t a i n  the  g r a v i t a t i o n a l  p o t e n t i a l  energy i n  the  form 

where pr imes i n d i c a t e  d i f f e r e n t i a t i o n  w i th  respect  t o  e2. 

m a t r i x  i n v o l v e d  i n  T and V G y  and r e c a l l i n g  t h a t  L = T - VG - VEA - VEBy  t he  

Lagrangian L can be w r i t t e n  i n  t h e  form 

Expanding the  

* 
L = t [J;l + (J;2 c 2 e l  + J i 3  s2el + 2 523 s e l c e l )  i2 

2 
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* * - 2  - 2 (J12cel + J13se1) + F t 2  - ZJ';3 818, + J33 e3 

4 2 (J;3cel + J33se1) i2i31 

* 

* 

.2  .2 .2 ( u i  t vi + w.)dmi 
1 

* * * - K;Z11 + (K2cel + K s e  ) 62 t K3 6, t 3 1  

+ n { ( J ; p 2  + J ; ~  s e p 2  - J;3 ce1ce2)i1 + C-J,, * cel se2 

- J* selcelce2 + J33 * selcelce2 - J;3 selse2 + 523 * ce2 (c2el 

- s2e1)]62 + (J33 * celce2 - 513 * se2 - 523 * selce& - K; se2 

- K; selce2 + K Z  celce2) + Q2 [ F  1 (J11 + 522 + J33) + 1 *  J l l  ( S  2 02 

- 3c 2 e2) + z- 1 *  JZ2 s 2 e l  ( c  2 e2 - 3s 2 e2) t 4 J72 selse2ce2 

+ 1 J " 2  c e l  ( c  2 e2 - 3s 2 e21 - 4513 celse2 ce2 + 523 * selcel (3s 2 e2 

22 

* 
33 

To obtain Lagrange's equations f o r  the rotational motion, we intro- 

duce E q .  (107) into E q s .  (35) ,  and  obtain 
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Considering Eq. (36) in conjunction with Eqs. (69), (99), (loo), 
and (102), and letting i = 1 ,  we obtain the differential equation for v1 
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which i s  subject  t o  the  boundary condi t ions 

(1 09a) 

(1  09b) 

S i m i l a r l y ,  the  d i f f e r e n t i a l  equat ion for  w1 i s  

53 

(1 09c) 



where w1 must sat isfy the boundary conditions 

(110a) 

(110b) 
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I In the above 

w, = - n(se2ce3 + selce2se3)  - ce3+ + celse3b2 

gal = ce2ce3 - selse2se3 

I I ~ ~  = -(Ce2Se3 + selse2ce3) 

ga3 = c e p e 2  

I 
gC2 = se2se3 - selce2ce3 

( l l l a )  

( l l l b )  

( l l l c )  

RC3 = c e p 2  

The equations of motion and boundary conditions associated w i t h  t he  booms I 
1 
1 

I 2 ,  3 ,  and 4 a r e  obtained from Eqs. (109) and (110) by replacing a by 

I =-a, n+a, and 2n-a, respec t ive ly ,  and, of course,  changing the sub-  
I 

i 
I 

s c r i p t s  o f  v l ,  and w1 accordingly. 

Following the same procedure a s  t h a t  used t o  obtain Eqs. (109) 
l 

and (110) ,  t he  equation o f  motion and boundary conditions f o r  v 5  a r e  

I 
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v5(0) = O , vi (O)  = 0 (112b) 

(112c) 

5 EI 9 z5 5 v ’ v j *  + - a CEI,~ v j  (1  - 5 vj2)lIx = o  
3x5 2 5 = ‘15 

= o  

and those f o r  w5 are 

2 
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E 1  W "  (1 - - 5 W 5  12 = o  
Y5 5 2 

I = o  5 EIy5 W ~ W { '  t - a [EIy5w: (1 - 5wt2)]1 
2 5 x5 = R5 "5 

(113a) 

(113b) 

(113c) 

The equations for  boom 6 are obtained from Eqs. (112) and (113) by a n  

appropriate change i n  subscript, and by replacing 8 by n+8. 

b. Perturbation solution of the e q u i l i b r i u m  problem. 

The f i r s t  problem i n  attempting a solution of the equations of 

motion, Eqs. (108), ( l o g ) ,  (112), and (113), i s  to  identify the equilibrium 

configurations. 

tions equal to  zero i n  these equations. This leaves us three transcendental .. 

equations for  the rotations 0j ( j  = 1,2,3) and twelve nonlinear differential  

equations fo r  the e l a s t i c  displacements v i ,  wi ( i  - 1 ,2 , .  . . ,6). 

To this end, we must l e t  a l l  the velocit ies and accelera- 

. 

We shall consider the solution o f  the nonlinear equilibrium problem 

i n  the form 

i = 1,2 ,..., 6 (1 14)  

where the t h i r d  subscripts on the right side of Eqs. (114) indicate the 

solution o f  the linearized problem i f  the subscript is  zero and relatively 
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smal l  per turbat ions i f  t h e  s u b s c r i p t  i s  one. 

m a t r i x  of the deformed body can be w r i t t e n  as 

It fo l lows t h a t  t h e  i n e r t i a  

6 6 

i =O i=l 
[ J ( O ) I  = [J(O)l0 + [J(o)]l = [ J ? ~ ] ~ [ J ~ ] ~ [ ~ ~ ]  t c [eiIT[Jill[ei] (115) 

where [J(O)], i s  t h e  i n e r t i a  m a t r i x  as i f  the  body was e n t i r e l y  r i g i d ,  i n  

which 

= AO' '0220 = '0' '0330 = co '01 10 
(1 16) 

= o  - - - - - 
J0120 - '0210 - '0130 - '0310 - '0230 - '0320 

are  t h e  moments o f  i n e r t i a  o f  t h e  r i g i d  hub, and 

pi[(hxi+xi) 2 2  +h .]dxi+mi[(hXi+q) 2 2  t h  .] 
'i 330 Y1 Y1 

i = 1,2'...,6 (117) 

- = pi ( h  .+x. )h .dxi-mi (hXi+")hyi 
' i120 - 'i210 x1 1 Y1 

- g i  pih .h  dxi-rn.h .h 
'1230 - '1320 = -io yl Z i  1 y1 t i  

are the moments of i n e r t i a  of t h e  appendages when i n  undeformed s t a t e ,  

expressed i n  terms o f  l o c a l  coordinates.  Moreover, [J (o) ] l  i s  t h e  change 
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i n  the  i n e r t i a  m a t r i x  due t o  f i r s t  o rder  e l a s t i c  displatements,  which has 

t h e  elements 

- - - -/iipi ( hxi+xi )wi OOdxi - mi (hxi+xi )w Ji 131 - J i311 0O/Xi = !Li 

To l i n e a r i z e  the  a lgeb ra i c  equations f o r  t h e  angles e .  ( j  = 1,2,3) J 

we would have t o  assume t h a t  t h e  angles are  smal l .  

always t r u e  f o r  an a r b i t r a r y  s a t e l l i t e ,  so t h a t  l i n e a r i z a t i o n  cannot be 

j u s t i f i e d .  For tunate ly ,  i t  i s  n o t  d i f f i c u l t  t o  so lve  t h e  non l i nea r  

a lgeb ra i c  equations f o r  the  angles Oj (j = 1,2,3) by means of Newton- 

Raphson method f o r  t he  moments of i n e r t i a  g iven.  

This,  however, i s  n o t  

t 

As a f i r s t  i t e r a t i o n ,  
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we insert the moments o f  inertia o f  the s a t e l l i t e  regarded as r i g i d  i n t o  

the three transcendental equations for e .  ( j  = 1,2,3) ,  a n d  o b t a i n  some 
J 

preliminary values for these angles. Hence, le t t ing a l l  terms i n  E m .  

(108) i n v o l v i n g  time derivatives equal t o  zero, we o b t a i n  

-J;20(s2e2 - 3c 2 e 2 )  + 4($10 * - J220)s81se2ce2 * + J120s2el(c * 2 e2 - 3s 2 e21 

where [J*& = [ e l3  [J (0 )  lo [e l3  in which [ e l 3  i s  given by the f i r s t  of 

2 2 (119c) * * 
+ 4J230celse2~e2 - 5130 s e p l  ( C  e2 - 3s e2)  = 0 

Eqs. (104). Regarding the angles e j  ( j  = 1,2,3) as known constants, we 

can linearize Eqs. ( l o g ) ,  (110), (112) ,  and (113) w i t h  respect t o  v i ,  wi 

and t he i r  derivatives, and solve for the perturbed e l a s t i c  displacements. 

Hence, inser t ing  Eqs. (114) i n t o  ( log) ,  we obtain the equations f o r  v loc  

i n  the form 
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I 

I where vloo  i s  sub jec t  t o  the  boundary cond i t ions  

The q u a n t i t i e s  wjo,  tajO and tCjO (j = 1,2,3) appearing i n  Eqs. (120) are  t o  

be c a l c u l a t e d  by us ing  e j  ( j  = 1,2,3) as given by Eqs. (119). Note t h a t  
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(121b) 

(121c) 
= o  = O I  

x1 = a1 

x1 = '11 



i 

The d i f f e r e n t i a l  equations and boundary conditions fqr vioo and wioo 

( i  = 2,3,4) a r e  obtained from Eqs. (120) and (121)  by replacing the sub- 

scripts of vloo and w by the appropriate  ones and the angle a by 'IT-a, 

v+a, and ~ I T - U ,  respec t ive ly .  

equat ions and boundary condi t ions  f o r  ~ 5 0 0  and w500 a r e  obtained from 

Eqs. (112)  and (113) i n  the form 

100 
On the other hand, the d i f f e r e n t i a l  

where ~500 s a t i s f i e s  the boundary conditions 

(0) = 0 , v;oo(o) = 0 (122b) '500 

I 
= o  , EIz5  9 O " I  = o  (122c) 

x = R 1x5 = t 5  
E1z5 ";bo 

5 5  

a s  well  as 
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= 0 E 1  w ”  = o  (1  23c) 
~5 5001, = R5 

= 5 

The differential  equations and boundary conditions for  v600 and w600 are 

obtained by replacing in Eqs. (122) and (123) ~ 5 0 0  and ~ 5 0 0  by v600 and 

‘600 and  0 by T+B, respectively. 

On the other  hand, the boundary-value problem f o r  the perturbation 

i s  defined by the different ia l  equation v1 01 

PlV101 
{(wloca + w20sa) 2 + w30 + 2n2 - 3n 2 [(fialoca + fia20sa) 2 + fiaGO11 

+ ~ 1 ~ 1 0 1  [ ~ 3 0 ( ~ 1 O ~ a  - ~ 2 0 c a )  - 3~ 2 fia30(fia10sa - f ia20c~) l  

+ vi01 {-Pin (hxl + XI) ( ( f i C 1 O ~ a  - fic20ca) + gc30 + 2  2 

64 

The differential  equations and boundary conditions for  v600 and w600 are 

obtained by replacing in Eqs. (122) and (123) ~ 5 0 0  and ~ 5 0 0  by v600 and 

‘600 and  0 by T+B, respectively. 

On the other  hand, the boundary-value problem f o r  the perturbation 

i s  defined by the different ia l  equation v1 01 
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and t h a t  f o r  t h e  pe r tu rba t i on  wlO1 by 

+ 5 wllll 

1 oo(wi oo)21 

(125b) 

OSa 
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w i t h  companion equat ions for viol and wiol (i = 2 , 3 , 4 ) .  I n  a l ike  manner 

v ( 0 )  = 0 , v;ol-(o) = 0 501 

(126a)  

( 1 2 6 b )  
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(1 27a) 

( 1  27b) 



It should be po in ted  out  t h a t  t h i s  p a r t i c u l a r  pe r tu rba t i on  scheme 

enables us t o  so lve  f i r s t  Eqs. (119) f o r  t h e  f i r s t  approximation r o t a t i o n s  

e joo  ( j  = 1,2,3) independently o f  t h e  e l a s t i c  displacements. 

are then in t roduced i n t o  Eqs. (120) - (123), y i e l d i n g  t h e  f i r s t  approxi- 

mation f o r  t he  e l a s t i c  displacements vioo and w i o o  (i = 1,2, ... ,6) 

independently o f  one another. 

and W i o o  i n t o  Eqs. (124) - (127), we can ob ta in  the  cor rec t ions  viol and 

W i o l  t o  t h e  e l a s t i c  displacements. 

and wio (i = 1,2, ..., 6) according t o  Eqs. (114). 

W i o  (i = 1,2, ..., 6)  b a c i  i n t o  Eqs. (119), we ob ta in  the  angles 0jo 

( j  = 1,2,3). 

f i c i e n t .  

improve the e l a s t i c  displacements vio and wio, as w e l l  as the  angles 0jo-  

The r o t a t i o n s  

I n s e r t i n g  t h e  f i r s t  approximation vioo 

The sums o f  these so lu t i ons  y i e l d  v i 0  

Then, i n s e r t i n g  Vi0 and 

I n  t h e  vas t  m a j o r i t y  of cases, t h i s  approximation i s  suf- 

If not ,  having t h e  new angles, we can i t e r a t e  once more t o  

C. Liapunov s t a b i l i t y  ana lys is  and t h e  eigenvalue problem. 

The values ejo, vio, and wio obtained above, together  w i t h  sets  

of admiss ib le  func t ions  cpj(xi) and + j ( x i )  , are  subsequently in t roduced 

i n t o  Eqs. (49 ) ,  (51), and (53), t o  obta in  t h e  c o e f f i c i e n t s  m j k ,  f j k ,  and 
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kjk. The coe f f i c i en ts  m 

[k], whereas us ing Eq. (57) t he  c o e f f i c i e n t s  f j k  y i e l d  the  skew symmetric 

m a t r i x  [g]. 

and k j k  y i e l d  the  symnetric matr ices [m] and j k  

From Sec. 6, if [k] represents a p o s i t i v e  d e f i n i t e  ma t r i x ,  then 

the  n o n t r i v i a l  e q u i l i b r i u m  i s  asympotot ica l ly  s tab le .  

t o  obta in  the na tu ra l  frequencies, we must so lve the  eigenvalue problem 

i n  the  form (66). 

determined, the  system s t a b i l i t y  tested,  and the  na tu ra l  f requencies c a l -  

cu la ted,  i t  i s  des i rab le  t o  use s p e c i f i c  values f o r  t he  system parameters. 

This i s  done i n  the nex t  sect ion.  

On the  o the r  hand, 

However, before the  n o n t r i v i a l  e q u i l i b r i u m  can be 

d. The shor ten ing of the p ro jec t i ons  e f f e c t  

As i nd i ca ted  i n  Sec. 2, t he  booms are assumed t o  be inex tens iona l ,  

SO t h a t  there i s  no l o n g i t u d i n a l  v i b r a t i o n .  

t ransverse displacements, t he re  i s  a shor ten ing o f  the  p r o j e c t i o n  on the  

nominal axis o f  any element o f  l eng th  o f  t he  boom. 

Eq. (14),  t he  change i n  l eng th  o f  p r o j e c t i o n  o f  any element o f  l eng th  dxi 

i s  

However, because of t he  

I n  f a c t ,  from 

We s h a l l  t r e a t  t h i s  shor ten ing as a pe r tu rba t i on  o f  t he  s p a t i a l  

coordinate xi, so t h a t  we can w r i t e  

where xio are the o r i g i n a l  s p a t i a l  coordinates and x are the  il 
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per tu rba t  ons. 

i s  a second-order e f f e c t .  Hence, i t  w i l l  n o t  a f f e c t  Eqs. (120) - (123) 

except t h a t  xi a re  t o  be regarded i n  these equations as xio (i = 1 ,2,... ,6). 

This enables us t o  so lve f o r  vioo and wto0 and w r i t e  the  shor ten ing of, 

the  p ro jec t i ons  i n  the  form 

From Eqs. (128) , however, we conclude t h a t  t he  shor ten ing 

i = l , Z ,  ..., 6 (130) 

where ti i s  a dummy var iab le .  On the other hand, t h e  pe r tu rba t i on  equa- 



sub jec t  t o  boundary cond i t ions  (125b) and (125c) ,  where i n  the l a t t e r  

9'1 must be replaced by the shortened length  ll0. 

12. The RAE/B S a t e l l i t e .  Numerical Resul ts.  

The general formulat ion o f  Sec. 11 has been used t o  ob ta in  t h e  

n o n t r i v i a l  e q u i l i b r i u m  conf igura t ion  o f  the RAE/B s a t e l l i t e ,  t o  t e s t  the  

s t a b i l i t y  o f  equ i l ib r ium,  and t o  c a l c u l a t e  the n a t u r a l  frequencies of 

v i a l  e q u i l  i b r i m .  The system parameters a re  o s c i  11 a t ion  about the  n o n t r  

as fo l lows:  
I 

2 A0 = 87.74 Slug ft 
I - 

P I  = P 2  = P3 = P4 - 

Bo = 83.74 s l u g  ft2, Co = 18 s l u g  ft 2 

4.348 s l u g  ft'l p5  = P6 = 4.596 

x s l u g  f t - 1  

m1 = m2 = m3 = m4 2.40 x slug, m5 = m6 = 0 

a1 = 9'2 = a3 = 9'4 = 600 ft, 9'5 = 9'6 = 315 ft 

E I y l  = EI,1 - - EIy2 - - ... = E l z 4  = 15.278 l b  ft2, a = 30" 

- - E I Z 5  = EIy6  = EI,6 = 13.889 I b  ft2, B = 25" 
E1y5 
h,l = hx4 = 0.973 ft, hx2 = h x j  = 0.878 ft, hx5 = hx6 = O 

hyl = -hy4 = 0.705 ft, hy2 -hy3 = -0.760 ft, hy5 hy6 -1.800 ft 

h z l  h ~ 2  * hz3 hz4 h ~ 5  = h ~ 6  

n * 4.653 x l o w 4  r a d  sec'' 

We s h a l l  present the  r e s u l t s  o f  the  analyses f n  t h e  o r d e r  l i s t e d  above. 
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a.  N o n t r i v i a l  e q u i l i b r i u m  
I 

I n s e r t i n g  the above data i n t o  Eqs. (116) and (117), as i n d i c a t e d  t 
i n  Eq. (115), and s o l v i n g  Eqs .  (119), we o b t a i n  

elo0 = 0.13537 rad = 7.756 deg. 

e200 = -5.63789 x rad = -3.2302 x deg. 

e300 = 1.37374 x rad = 7.87096 x deg. 

We note t h a t  elo0 i s  caused l a r g e l y  by the damper booms. 

t h e  rods are  n o t  at tached a t  the s a t e l l i t e  mass center  tu rns  o u t  t o  have 

an i n s i g n i f i c a n t  e f f e c t  on 8 j o o  (j = 1,2,3). 

The fact  t h a t  

To evaluate t h e  e l a s t i c  displacements Vjoo(Xj )  and wioo(xi) 

( i  = 1,2 ¶. . . ,  6 ) .  We assume the  s o l u t i o n  o f  Eqs.  (120) - (123) i n  the form 

i = 1,2, ... ¶6  (1 32) 

. 
where 

are  e igenfunct ions corresponding t o  a bar i n  bending w i t h  t h e  end xi = 0 

f i x e d  and having a mass m i  attached a t  t h e  end xi = &I. The eigenvalues 

Bra1 a r e  s o l u t i o n s  o f  t h e  c h a r a c t e r i s t i c  equat ion 
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Moreover, t h e  ampl i tudes A, a re  such t h a t  t h e  e igenfunct ions @,(Xi) a r e  

orthonormal, i .e., they s a t i s f y  t h e  r e l a t i o n  

where tirs i s  the  Kronecker d e l t a .  

terms, p = 2 ,  t h e  f i r s t  two r o o t s  o f  Eq. (134) and t h e  ampli tudes A, 

corresponding t o  i - 1,2,3,4 a r e  

L i m i t i n g  t h e  s e r i e s  i n  ( 1 3 2 )  t o  two 

Blki = 1.85813 

~~k~ = 4.65310 

-1 /2 

-1 /2 
A1 = 0.47696 s l u g  

A2 = 0.03789 Slug 

I n  add i t ion ,  t h e  c o e f f i c i e n t s  ariO, brio ( i  = 1,2,3,4) a r e  

Table I .  

1 -0.13656 x 10’ -0.98055 x 10-1 0.55184 0.46385 x lo - ’  
2 0.13652 x 10’ 0.97981 x 10-1 0.55188 0.46385 x l o - ’  

3 -0,13652 x 10’ -0.97980 x l o - ’  -0.55187 -0.46384 x lo-* 

4 0.13656 x 10’ 0.98054 x 10‘’ -0.55184 -0.46385 x IO-’ 

The f i r s t  two r o o t s  of  E q .  (134) w i t h  mi = 0, and t h e  ampli tudes A 1  and 

A2 corresponding t o  i = 5.6 are 
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B ~ R ~  = 1.87511 A1 = 0.63510 

B2Ri = 4.69414 A2 = 0.04899 

whereas t h e  c o e f f i c i e n t s  ariO and br10 are 

Table I 1  

s l  ug-"2 

-1/2 sl ug 
(137) 

i a~ i o  a 2 i ~  b~ i o  

5 -0.93855 x -0.12900 x l o m 3  0.17756 0.70688 x 

6 -0.93840 x lo-' -0.12900 x 0.17756 0.70688 x 

I t  w i l l  prove o f  i n t e r e s t  t o  l i s t  t h e  e l a s t i c  displacements o f  t he  end 

p o i n t s ,  as c a l c u l a t e d  by means o f  t h e  i i n e a r i z e d  equat ions.  

placements are 

These d i s -  

(21) = 2.1071 ft, ( 2  ) = -52.205 ft, 

( 2  ) = 52.192 ft, w ~ ~ ~ ( R ~ )  = 2.1072 ft, 

w1 00 v loo  1 

"200 2 
~ 3 0 0 ( 2 3 )  = -52.191 ft, ~ 3 0 0 ( ~ , 3 )  = -2.1072 ft, 

~ 4 0 0 ( 2 4 )  = 52.204 ft, '400( '4 = -2.1071 ft, 

( 2  ) = - 4.8655 x 10" ft, 

('6) = -4.8648 x lo- '  ft, 

'500 ( a  5 ) = 

w600('6) = 0.92960 ft 

0.92961 ft, '500 5 

'600 

The above values o f  vioo(xi) and wioo(xi) (i = 1,2,. . . ,6) enable 

us t o  so l ve  Eqs.  (119) f o r  t h e  angles e j o  (j = 1,2,3) and Eq. (131) and 

t h e  companion ones f o r  t he  per turbat ions viol (xi) , w i O l  ( x i )  (i = 1 ,?,. . . .6 ' .  

The r e s u l t i n g  angles are 
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0 1 ~  = 0.1Q695 \-ad = 11.2846 deg .  

'3  = -6.54250 x rad = -3.74858 x deg. 
' 20 
~ 3 0  = 1.37608 x l o e 6  rad = 7.88438 x 1 0-5 des. 

Instead o f  l i s t i n g  the pe r tu rba t i ons  v i o l  and w i o l ,  we s h a l l  l i s t  the 

complete so lu t i ons  v i 0  and wio i n  t he  form o f  t he  se r ies  

2 
vio(xi) = I ariQr(xi) 

r= 1 

i = 1,2, . .. ,6 (1  38) 

2 

where $,i(Xi) are s t i l l  g iven by Eqs. (133), i n  which the eigenvalues 

B r t i  and amplitudes A, ( r  = 1,2) are given by (136) and (137). 

r e s u l t s  are t abu la ted  as f o l l o w s  

The f i n a l  

Table I 1 1  

i a~ i a2 i b2 i 

1 -0,13803 x lo2 -0.86379 x lo- '  0.54865 0.46378 x lo-' 

2 0.13800 x 10' 0.86313 x 10-1 0.54869 0.46378 x 

3 -0.13800 x l o 2  -0.86313 x 10-1 -0.54869 -0.46378 x lo-' 

4 0.13803 x l o 2  0.86379 x 10-1 -0.54865 -0.46378 x l o - *  
5 -0,93855 x 1 0-2 -0.12900 x 1 0-3 0.17756 0.70670 x 

6 -0.93840 x -0.12900 x 0.17756 0.70670 x 
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I 

%reovPr,  t h c ,  f i n a l  end di:pldcernentT a r p  

I 

( 9  ) = -52.816 ft, I f v l o  1 

I ( ?  ) = 52.503 f t ,  
9 0  2 

I 

~ 3 0 ( ' 3 )  = -52.803 f t ,  

~40(;44) = 52.816 f t ,  
I 

( f  ) = - 4.8655 x l o - *  f t, 

( r  ) = - 4.8648 x l o - '  f t ,  

'50 5 

"60 "6 

w , O ( q )  = 2.0948 ft, 

f?, ) = 2.9350 ft, "20 2 

~ ~ ~ ( 9 3 )  = -2.9950 ft, 

W40(9,4) = -2.0948 ft, 

w ( J .  ) = 0.92962 f t ,  

( 2  ) = 0.92962 ft, 

50 5 

'60 6 

and we no te  t h a t  the non l inear  e f f e c t  i s  v i r t u a l l y  zero f o r  booms 5 and 6. 

The n o n t r i v i a l  e q u i l i b r i u m  i s  depicted i n  Fig.  7, where o n l y  the r a d i a l  

booms a r e  shown because the displacements of  the damper booms are i n -  

s i g n i f i c a n t .  

b. Liapunov s t a b i l i t y  analys is  

A s t a b i l i t y  analys is  us ing K, as given by Eq. (60), as a t e s t i n g  

f u n c t i o n  has been c a r r i e d  ou t .  

t e s t i n g  the  m a t r i x  [k ]  +or p o s i t i v e  def in i teness, where the elements o f  

[k ]  are  given by Eqs. (53). 

Essent ia l l y ,  the  ana lys is  reduced t o  

The numerical values o f  the  elements f o r  

the p a r t i c u l a r  c o n f i g u r a t i o n  a t  hand are l i s t e d  i n  the  next  subsection. 

The m a t r i x  was found t o  be p o s i t i v e  d e f i n i t e ,  so t h a t  the  e q u i l i b r i u m  i s  

a s y m p t o t i c a l l y  stab1 e. 

c . E i  genval ue problem 

Using Eqs. (49), (51), (53), and (57), i n  conjunct ion w i t h  the 

above data,  we o b t a i n  the  elements 
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Note t h a t  the e las t ic  displacements were represented by one mode each. 

Using the formulation o f  Section 7 ,  we obta in  (the following natural 

frequencies 

Table VI1 

- + 1.514583 x lo'* - + I 1 o - ~  
- + 9.554415 x 

- + 9.900792 x 1 0-3 

- + 6.143208 x 

- + 4.319115 x lom3 

- + 2.020401 

- + 2.020401 

- + 1.975175 x 

- + 1.871461 x 1 0-3 

- + 1.856504 x 1 0-3 

- + 1.856504 x 

- + 8.708815 x 

- + 6.155318 x 

- + 3.439481 x 

-1 wi - rad sec 

The natural modes have also been obtained and will be discussed i n  a 

future paper. 

d. Parametric study 

The s t ab i l i t y  analysis was carried one step farther by varying the 

angle a.  

a = 50°, b u t  became unstable fo r  CL = 51". 

explained by the f a c t  tha t  i n  the absence o f  damper booms and fo r  coin 

pletely r i g i d  radial booms the system becomes unstable around Y = 45' 

The gravitational and centrifugal effects tend t o  deform the f:exible 

booms i n  a manner t h a t  the moments o f  inertia about the local vertica 

I t  was found that  the system was asymptotically stable for 

The resul ts  can be easily 
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about an ax i s  tangent t o  the  o r b i t  a re  the  same fo r  an anale a such t h a t  

be t raced t o  angle e 3 ,  which tends t o  become la rge  when the  moment of 

4 

50" < u e 51". It should be mentioned t h a t  i n s t a b i l i t y  i n  both cases can 
, 
i 

I 

i n e r t i a  about the  l o c a l  v e r t i c a l  becomes l a r g e r  than t h a t  about the  ax is  

tangent t o  the  o r b i t ,  as  a t  t h i s  p o i n t  t h e  " l e a s t  moment o f  i n e r t i a "  

c r i t e r i o n  i s  v io la ted .  

The same parametric study was undertaken w i t h  respect t o  the  

n a t u r a l  frequencies. I n  terms o f  na tu ra l  frequencies, i n s t a b i  1 i ty  occurs 

when a t  l e a s t  one n a t u r a l  frequency (we r e c a l l  t h a t  i n  our case t h e  na tu ra l  

frequencies occur i n  p a i r s )  reduces t o  zero. 

comes unstable f o r  50' < a < 51°, thus cor robora t fng  the  r e s u l t s  obta ined 

by t h e  Liapunov s t a b i l i t y  analys is .  

Here again the  system be- 

13. Sumnary and Conclusions 

Two new theo r ies  f o r  s tudy ing t h e  motion c h a r a c t e r i s t i c s  of a 

r o t a t i n g  system w i t h  f l e x i b l e  pa r t s  about undeformed e q u i l i b r i u m  have been 

developed. 

Spec i f i ca l l y ,  t h e  f i r s t  represents a s t a b i l i t y  theory  and t h e  second a 

method f o r  o b t a i n i n g  the  system na tu ra l  frequencies. 

The f i r s t  i s  q u a l i t a t i v e  and t h e  second q u a n t i t a t i v e .  

The s t a b i l i t y  theory  i s  based on t h e  Liapunov d i r e c t  method and 

makes use o f  modal ana lys is  t o  represent  e l a s t i c  displacements. The 

nove l t y  o f  t h e  fo rmula t ion  l i e s  i n  the  f a c t  t h a t  f o r  t h e  f i r s t  t ime a 

n o n t r i v i a l  e q u i l i b r i u m  i s  considered i n  con junc t ion  w i t h  t h e  Liapunov 

d i r e c t  method f o r  a s t a b i l i t y  ana lys is  of sp inn ing  f l e x i b l e  bodies capable 

o f  1 arge deformat ions. 

The s t a b i l i t y  ana lys i s  can be d i v i d e d  i n t o  two major p a r t s :  

eva lua t ion  o f  t h e  n o n t r i v i a l  e q u i l i b r i u m  and t h e  s t a b i l i t y  ana lys i s  i t s e l f .  

t h e  
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When the body i s  capable o f  l a r g e  deformations, non l inear  a lgebra ic  
1 and d i f f e r e n t i a l  equations must be solved f o r  the r o t a t i o n a l  and e l a s t i c  
I 

t displacements, respec t ive ly ,  where these displacements de f ine  the 

e q u i l i b r i u m  conf igurat ions of the  system, Because the problem i s  one o f  

s t a b i l i t y  about n o n t r i v i a l  equ i l ib r ium,  i t  i s  necessary t o  expand the 

Liapunov funct ion about t h a t  e q u i l  i brium. Assuming smal 1 displacements 

from equ i l ib r ium,  the  problem reduces t o  t h e  eva lua t ion  o f  a Hessian 

m a t r i x  a t  t h e  n o n t r i v i a l  e q u i l i b r i u m  and t e s t i n g  the 'matr ix f o r  s ign 

de f in i teness  by means o f  S y l v e s t e r ' s  c r i t e r i o n .  

t h a t  t h e  s i t e  o f  the Hessian m a t r i x  depends on the  number o f  eigenfunctions 

I 
1 

It should be pointed out 

used t o  represent  the e l a s t i c  displacements. 

The method f o r  o b t a i n i n g  the natura l  f requencies o f  the system 

makes use o f  the v a r i a t i o n a l  equations about the n o n t r i v i a l  equ i l ib r ium.  

Then t h e  s e t  o f  second-order d i f f e r e n t i a l  equations i s  converted i n t o  a 

s e t  o f  t w i c e  the  number o f  f i r s t - o r d e r  d i f f e r e n t i a l  equations. The 

associated eigenvalue problem y i e l d s  the system n a t u r a l  frequencies . 
The two methods are  q u i t e  general i n  scope, and can be used f o r  

t e s t i n g  s t a b i l i t y  and c a l c u l a t i n g  the  natura l  f requencies o f  a l a r g e  

v a r i e t y  o f  h y b r i d  systems. 

t e s t  t h e  s t a b i l i t y  o f  t h e  RAE/B s a t e l l i t e .  

have been solved f o r  the  n o n t r i v i a l  e q u i l i b r i u m  conf igura t ion ,  and then 

t h i s  c o n f i g u r a t i o n  has been used t o  evaluate t h e  associated Hessian 

m a t r i x .  The s a t e l l i t e  was found t o  be s tab le.  

parameters has been v a r i e d  t o  p r e d i c t  a t  which p o i n t  t h e  e q u i l i b r i u m  be- 

comes unstable.  

As an app l ica t ion ,  the  theory has been used t o  

F i r s t ,  t h e  non l inear  equations 

Then one o f  the  systems 

The r e s u l t s  are i n  l i n e  w i t h  t h e  expectat ions.  I n  

a d d i t i o n ,  the  system n a t u r a l  frequencies f o r  o s c i l l a t i o n  about t h e  
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deformed equi l ibr ium were calculated. 

junction with the Liapunov s t a b i l i t y  analysis was used t o  examine how the 

frequencies are affected.  

statement. 

The parametric study used i n  con- 

The study resulted i n  the same i n s t a b i l i t y  



14. 

1. 

2. 

References 

Mei r o v i  t c h  , L. , Methods of A n a l y t i c a l  Dynamics , McGraw-Hi 11 Book 
Co., N.Y., 1970. 

Thomson, W. T. and Rei ter ,  G. S., " A t t i t u d e  D r i f t  o f  Space Vehicles," 
The Journal o f  the As t ronaut ica l  Sciences , Vol . 7, No. 2, 1960, 
pp. 29-34. 

3. Mei rov i tch,  L. , " A t t i t u d e  S t a b i l i t y  o f  an E l a s t i c  Body o f  I Revolut ion i n  Space," The Journal of the  Ast ronaut ica l  Sciences, 
Vol. 8, NO. 4, 1961, pp. 110-113. 

4. Hooker, W .  W .  and Margul ies, G., "The Dynamical A t t i t u d e  Equations I 

f o r  an n-Body S a t e l l i t e , "  The Journal of the As t ronaut ica l  Sciences, 
Vol. 12, NO. 4, 1965, pp. 123-128. 

5. Me i rov i tch ,  L. and Nelson, H. D., "On t h e  Hiqh-Spin Motion of  a 
Sate l  l i t e  Containing E l a s t i c  Par ts  , I '  Journal -o f  Spacecraft and 
Rockets, Vol. 3, No. 11, 1966, pp. 1597-1602. 

6. Nelson, H. D. and Meirov i tch,  L., "Stabi1it .v o f  a Nonsvmnetrical 
S a t e l l i t e  w i t h  E l a s t i c a l l y  Connected Moving Parts,"  The Journal o f  
the  Ast ronaut ica l  Sciences, Vol. 13, No. 6, 1966, pp. 226-234. 

7. Robe. T. R. and Kane. T. R.. "Dvnamics o f  an E l a s t i c  S a t e l l i t e , "  
I n t e r n a t i o n a l  Journai  o f  Soi ids-and Structures , Vol. 3, 1967, 
pp. 333-352 , 691 -703 , 1031 -1 051 . 

0.  

9. 

L i k i n s ,  P. W., "Modal Method f o r  Analysis o f  Free Rotat ions of 
Spacecraft," A I A A  Journal ,  Vol. 5, No. 7, 1967, pp. 1304-1308. 

E t k i n ,  B. and Hughes, P. C., "Explanation o f  the Anomalous Spin 
Behavior of S a t e l l i t e s  w i t h  Long, F l e x i b l e  Antennae," Journal o f  
Spacecraf t  and Rockets, Vol. 4, No. 9, 1967, pp. 1139-1145. 

Modi, V.  J. and Berenton, R. C.,  "Planar L i b r a t i o n a l  S t a b i l i t y  o f  a 10. 
F1 e x i  b l  e Gravi ty-Gradi  ent  Satel  1 i t e  ,'I A I A A  Journal  - , Vol . 6 , No. 3, 
1968, pp. 511-517. 

11. Newton, J. K.  and F a r r e l l ,  3. L.  , "Natural Frequencies o f  a F l e x i b l e  
Gravi  ty-Gradient Satel  1 i t e  , ' I  Journal o f  Spacecraft and Rockets , 
V O I .  5, NO. 5, 1968, pp. 560-569. 

12. L i k i n s ,  P .  W .  and Wirsching, P. A, ,  "Use o f  Synthet ic  Modes i n  
Hybr id  Coordinate Dynamic Analysis," A I A A  J o u r r a l ,  Vol. 6, NO. 10, 
1968 , pp. 1867-1 872. 

91 



13. Mei rov i tch,  L. , " S t a b i l i t y  o f  a Spinning Body Containing E l a s t i c  
P a r t s  v i a  Liapunov's D i r e c t  Method," A I A A  Journal, Vol. 8, No. 7, 
1970, pp. 1193-1200. 

14. Mei rov i tch,  L., " A  Method f o r  the LiaDunov S t a b i l i t y  Analysis o f  
Force-Free Hybr id  Dynamical Systems," A I A A  Journal , Vol. 9, No. 9, 
1971 , pp. 1695-1701. 

15. Mei rov i tch,  L . ,  "Liapunov S t a b i l i t y  Analysis o f  Hybr id  Dynamical 
Systems w i t h  M u l t i - E l a s t i c  Domains-," I n t e r n a t i o n a l  Journal o f  Non- 
L inear  Mechanics, Vol. 7, 1972, pp. 425-443. 

16. Mei rov i tch,  L. and Cal ico,  R. A . ,  " S t a b i l i t y  o f  Motion of Force-Free 
Spinning Sate1 1 i tes  w i t h  F1 e x i  b l  e Appendage; , ' I  Journal of Space- 
c r a f t  and Rockets, Vol. 9, No. 4 ,  1972, pp. 237-245. 

17. Mei rov i tch.  L. and Cal ico.  R. A . ,  "A Comparative Study o f  S t a b i l i t y  
Methods f o r  F l e x i b l e  S a t e i l i t e s  ,' A I A A  Journal  , Vol . 11, No. 1 , 
1973, pp. 91-98. 

18. F la t l ey ,  T. W . ,  "Equ i l ib r ium Shapes o f  an Array o f  Long E l a s t i c  
S t ruc tu ra l  Members i n  C i r c u l a r  Orb i t , "  NASA TN D-3173, March 1966. 

19. Mei rov i tch,  L .  , "Liapunov S t a b i l i t y  Analys is  o f  Hybr id  Dynamical 
Systems i n  t h e  Neighborhood o f  N o n t r i v i a l  Equ i l ib r ium.  I' 
Presented a t  t h e  A A S / A I A A  Astrodynamics Conference, V a i l  , Colorado , 
Ju ly  16-18, 1973. To appear i n  t h e  A I A A  Journal .  

Mei rov i tch,  L . ,  "A New Method o f  S o l u t i o n  o f  t he  Eigenvalue Problem 
f o r  Gyroscopic Systems." To appear i n  the  AIM Journal .  

20. 

21. Mei rov i tch,  L . ,  Ana ly t i ca l  Methods i n  V ib ra t ions ,  The Macmillan Co. , 
N . Y . ,  1967. 

92 



FIGURE I - G E m A L  #ATH€HATJCAL M W E i  
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FIGURE 2 - ELASTIC DISPLACEMENTS 

FIGURE 3-ORelTAL AXES AND 6ODY AXES 
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FIGURE 4 - FORCES ON ELASTIC BOOM 

FIGURE 5 - DEFORMATION OF ELASTIC BOOM 
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FIGURE 6-RADIO ASTRONOMY WPLOR(ER 0 LWAR (RAE/e)) SATELLITE 
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FIGURE 7. NONTRIVIAL EQUILIBRIUM CONFIGURATION 

‘: U.S. GOVERNMENT PRlNTINC OFFICE: 1974- 835-11G/12 

97 


